Controlling the propagation and coupling of light to sub-wavelength antennas is a crucial prerequisite for many nanoscale optical devices. Recently, the main focus of attention has been directed towards high-refractive-index materials such as silicon as an integral part of the antenna design. This development is motivated by the rich spectral properties of individual high-refractive-index nanoparticles. Here, we take advantage of the interference of their magnetic and electric resonances, to achieve remarkably strong lateral directionality. For controlled excitation of a spherical silicon nanoantenna we use tightly focused radially polarized light. The resultant directional emission depends on the antenna's position relative to the focus. This approach finds application as a novel position sensing technique, which might be implemented in modern nanometrology and superresolution microscopy setups. We demonstrate in a proof-of-concept experiment, that a lateral resolution in theÅngstrom regime can be achieved.
INTRODUCTION
Cylindrical vector beams are well established tools in modern microscopy, ranging from scanning microscopy, where a reduced focal spot size can be achieved with a radially polarized beam [1] [2] [3] [4] , to more sophisticated techniques such as stimulated-emission-depletion [5, 6] and multi-photon microscopy [7] . In addition, those polarization tailored beams have also paved the way towards versatile applications in recent nanophotonic experiments by enabling selective excitation of nanoparticle eigen-modes [8, 9] , or controllable directional emission and waveguidecoupling of single plasmonic nanoantennas [10] . In this work, we combine several aspects of both research fields to present a novel approach towards high-precision position sensing, a discipline, which is of paramount importance in modern nanometrology [11] [12] [13] [14] [15] [16] [17] [18] , because of its special role in super-resolution microscopy [19] [20] [21] [22] . Our all-optical technique for localization of a single nanoantenna is thereby based on encoding the position of the antenna in its laterally directional scattering pattern. For that purpose, we take advantage of the resonance properties of a high-refractive-index silicon nanoantenna featuring electric and magnetic resonances [23] [24] [25] [26] .
RESULTS
Excitation scheme. It was shown that the simultaneous excitation of transverse electric and magnetic resonances of a high-refractive-index dielectric nanoparticle may yield enhanced or suppressed forward/backward scattering due to their interference [27] [28] [29] [30] .
However, by carefully structuring the excitation field threedimensionally and thus exciting also longitudinal particle modes [9] , the scattering pattern can be tailored to achieve lateral directivity in the far-field. For example, a tightly focused radially polarized beam features a promising three-dimensional focal field with cylindrical symmetry [1, 2] . Figures 1a-c show its electric and magnetic field intensity distributions and the corresponding phases, calculated by vectorial diffraction theory while taking into account the experimental parameters [31, 32] . Apart from the transverse (in-plane) radially polarized electric field E ⊥ = (E x , E y ), a strong longitudinal component E z is formed, reaching its maximum amplitude on the optical axis. In contrast, the magnetic field H ⊥ = (H x , H y ) is purely transverse and azimuthally polarized. In close vicinity to the optical axis, E z exhibits a phase delay of ∆φ z = ±π/2 with respect to the transverse field components, and the electric and magnetic fields can be approximated by
H(x, y) ∝ −yH
Here,
⊥ are real valued amplitudes of the transverse electric, longitudinal electric and transverse magnetic field components respectively, and (x, y) are Cartesian coordinates in the focal plane. Without loss of generality, the point in time is chosen such that the transverse field components E x , E y , H x and H y are real, and the longitudinal component E z is imaginary, due to the aforementioned phase delay of π/2. For the chosen beam parameters (see Methods section), we estimate Eq. 1 to be valid within the region up to 50 nm away from the optical axis (see gray area in Fig. 1d ). In this limited range, the transverse electric and magnetic fields are linearly dependent on the coordinates x and y, while E z is assumed to be approximately constant. In order to adopt this linear position dependence of the transverse electromagnetic field for position sensing, a sub-wavelength antenna, capable of incorporating the local field in its far-field emission pattern, is required to localize the antenna unambiguously by its (directional) scattering pattern recorded in the far-field. In the following, we discuss a silicon nanosphere (radius r = 92 nm), whose spectrum in the visible range was experimentally investigated previously [9] , and we explain how its far-field emission pattern is governed by its position.
Tailored directional scattering. Figure 2a shows the scattering cross-section of the antenna sitting on a glass substrate, simulated using the finite-difference time-domain method (similar to ref. [9] ). Here, only the forward scattering efficiency into the angular region within NA ∈ [0.95, 1.3] is considered to match the experimental detection scheme described below (see also Fig. 2b-e) . In the visible spectrum, the silicon antenna supports three pronounced resonances, the magnetic dipole (λ MD ≈ 670 nm), the electric dipole (λ ED ≈ 540 nm) and the magnetic quadrupole (λ MQ ≈ 515 nm) [9] . For wavelengths above 600 nm, the weak contribution of the magnetic quadrupole can be completely neglected [9] , and the antenna can be approximated by a point-like dipole (electric and magnetic). Assuming that the dipole moments are proportional to the respective local field vectors, p ∝ E and m ∝ H, we yield the position-dependent dipole moments p ∝ xE The aim of our experimental concept is to achieve highly position-sensitive far-field directivity caused by the inter-ference of the, in first approximation, constant z-oriented electric dipole p z and the position-dependent transverse components of the magnetic dipole m x and m y . The influence of the transverse electric dipole components p x and p y will be proven to be negligible later on. In Fig. 2b , the far-field intensities of a z-oriented electric dipole (see dashed red line) and a y-oriented magnetic dipole (see black line) emitted into the glass substrate are depicted. Here, we consider the electric and magnetic dipole moments to exhibit the same strength. If the dipole moments are in phase, the interference of both far-fields yields a remarkably strong lateral directivity (see Fig. 2c ). Figure 2d shows the corresponding calculated k-spectrum in the experimentally accessible region within NA ∈ [0.95, 1.3] . At this point, the relative phase between the longitudinal and the transverse field components (∆φ z = ±π/2, see Fig. 1 ) of the excitation beam needs to be considered. If the electric and magnetic dipoles oscillate π/2 out-of-phase, no directivity would be observed in the far-field because their symmetric far-field intensity distributions add up. Hence, an additional phase of π/2 is required to compensate for ∆φ z . Since the relative phase between a dipole moment and its respective excitation field (∆φ M D for the magnetic, ∆φ ED for the electric field) depends on the wavelength, we can compensate for ∆φ z by carefully choosing the wavelength of the incoming light with respect to the spectral positions of the electric and magnetic dipole resonances. From simulation, we retrieve the relative phase between the electric and magnetic dipole moment to be ∆φ = ∆φ M D − ∆φ ED = π/2 for a wavelength of λ = 652 nm (see the Supplementary Material). Using this wavelength for excitation, we expect to achieve strongly directional scattering at antenna positions where the longitudinal electric and transverse magnetic fields overlap. For experimental verification, a measured far-field image is plotted in Fig. 2e . The image was retrieved by placing the antenna on the x-axis approximately 140 nm away from the center of the beam in the focal plane, effectively obtaining longitudinal electric and transverse magnetic dipole moments of equal strength. The strong directivity proves that the compensation of the relative phase has been successful, and the very good overlap of 94% with the theoretical pattern suggests that in first-order approximation the transverse electric dipole moments, not taken into account here, can indeed be neglected (details can be found in the Supplementary Material). In short, we optimized, the polarization distribution and the wavelength of our excitation beam to achieve strongly directional emission depending on the position of a single silicon nanoantenna relative to the beam's optical axis. The underlying principle causing the directivity is the simultaneous and in-phase excitation of a longitudinal electric and a transverse magnetic dipole moment.
Experimental implementation and calibration. A sketch of the experimental setup is depicted in Fig. 3a (for more details see [33] ). The collimated incoming radially polarized beam (λ = 652 nm) was tightly focused by a microscope objective with a numerical aperture (NA) of 0.9 onto the silicon nanosphere sitting on a glass substrate (see electron micrograph in Fig. 3a) , which was positioned precisely within the focal plane by a 3D piezo-stage. A second microscope objective (oil-immersion type, NA = 1.3) below the substrate collected both, the transmitted beam and the forward scattered light. Imaging the back-focal plane of the second microscope objective onto a CCD camera enabled acquisition of the intensity distribution emitted into the far-field and grants access to the angular spectrum of the scattered field (see examples in Fig. 2e and Fig. 3b-c) . Similar to [10] , only the region of NA ∈ [0.95, 1.3] was considered, where the scattered light can be detected without interfering with the transmitted beam. To retrieve the position of the antenna from the backfocal plane images, we average the measured intensity over four small regions in k-space (black dotted lines in Figs. 3b-c) [34] , resulting in four averaged intensity values I 1 , I 2 , I 3 , and I 4 . The size and position of these four regions was chosen to include only the strongest change of the far-field intensity for a antenna shift along the x-or y-axis.
The normalized intensitydifferences D x = (I 3 − I 1 )/Ĩ and D y = (I 2 − I 4 )/Ĩ, withĨ = (I 1 + I 2 + I 3 + I 4 )/2, represent directivity parameters, which are linear functions of the antenna position (see Supplementary Material). In order to compensate for experimental imperfections such as beam aberrations or deviations from the ideal antenna shape, the measurement approach requires initial calibration, for which we placed the antenna centrally in the focus. At this position, the far-field distribution of the scattered light is expected to be cylindrically symmetric, since only a longitudinal electric dipole moment can be excited (see Fig. 3b ) [9, 10] . From this reference point, the antenna was scanned across the focal plane (100 nm × 100 nm), with a step-size of 10 nm. For each position, an image of the back-focal plane was acquired and the corresponding values of D x and D y were determined. The whole procedure was repeated 40 times and the measured directivity parameters were averaged, in order to decrease the influence of the instability of our setup (position uncertainty of ±5 nm). Thereupon, linear equations were fitted to the averaged directivity parameters D x (x, y) and D y (x, y) (see Eq. 6 in the Methods section), which allow for retrieving the antenna position from individual back-focal plane images. As an example, Fig. 3d shows the averaged directivity parameter D x plotted against the x-coordinate and the corresponding linear fit. Lateral Resolution. In order to demonstrate the accuracy in the measurement of the antenna position, which can be achieved with a single camera shot, far-field images for different antenna positions are analyzed. To this end, we normalize the intensity maps recorded in each back-focal plane to the intensityĨ and calculate the difference to a reference image, which corresponds to the antenna sitting on the optical axis (see Fig. 3b ). For the demonstration of this inherently two-dimensional localization technique, we show results for x-displacements only. In Fig. 3e we depict four post-selected difference-images for the antenna being placed on the x-axis, for which our calibration measurement indicated relative positions of ∆x ≈ 40 nm, 20 nm, 10 nm, and 5 nm (∆y ≈ 0 nm). For a relatively large displacement of ∆x ≈ 40 nm, the difference-image corresponding to the difference between Fig. 3b and Fig. 3c yields a very good signal-to-noise ratio (SNR). Even for a small displacement of only ∆x ≈ 5 nm, the difference-image reveals predominately negative values on the left side (k x < 0) and positive values on the right side (k x > 0). However, the SNR decreases with shorter distances ∆x. The theoretical limit of our resolution is determined by the derivatives (slopes) of D x (x, y) and D y (x, y), the intensity noise of an individual camera pixel, and the actual number of pixels in each integration region. Our calculations yield that a position uncertainty below 2Ångstrom could be achieved. More details and an actual experimental example can be found in the Supplementary Material. However, a direct proof of this accuracy would require a highly stabilized setup including a piezo-stage withÅngstrom precision.
DISCUSSION
In summary, we experimentally demonstrated that the simultaneous and phase-adapted excitation of longitudinal electric and transverse magnetic dipole modes of a high-refractive-index nanosphere yields extraordinarily strong directionality. Especially the spectral tuning of the relative phase between both dipole modes in combination with the appropriate choice of a threedimensional focal field pattern enabled highly positionsensitive transverse scattering directionality. We utilized the approach as a novel technique for single-shot lateral position sensing, achieving localization accuracies down to a fewÅngstrom, which is comparable to other state-of-the-art localization methods presented in literature [12, 13, 18] . Our technique could be applied for the stabilization of samples, for instance in super-resolution microscopy. Furthermore, since the directionality is also present in the super-critical regime (NA > 1), evanescent coupling to waveguide modes will allow for on-chip detection of the directional scattering and, hence, of the lateral position of the sample. Finally, future studies might demonstrate, that antenna design and size as well as the excitation field can be optimized to achieve an even stronger dependence of the directionality on the particle position, which would allow for sub-Ångstrom localization accuracies. Calculation of the far-field distribution. We make use of the cylindrical symmetry of the beam and, without loss of generality, only consider antenna positions along the x-axis. Therefore, only the longitudinal electric (pz) and transverse magnetic (my) dipole moments need to be considered. The transverse electric (s-polarized) and transverse magnetic (p-polarized) far-field distributions (r λ) emitted into the dielectric substrate (refractive index n = 1.5) are expressed as [32] 
with
the Fresnel coefficients for transmission tp and ts, the wave-number in vacuum k 0 = 2π/λ, the transverse component of the k-vector k ⊥ = (k 2 x + k 2 y ) 1/2 and the vacuum speed of light c 0 . Comparison between theoretical and experimental far-field patterns enables estimating the distance between the effective point-like dipole and the interface, d = 70 nm. The emission patterns in Fig. 2b-c are calculated using Eq. 2-5, whereby we considered a similar strength for both dipole moments pz = my/c 0 to achieve maximum directivity. Taking into account the aplanatic microscope objective, an additional energy conservation factor proportional to (k 2 0 n 2 − k 2 ⊥ ) −1/2 is introduced for Fig. 2d [32] .
Calibration measurement.
The directivity parameters Dx and Dy are linear functions of the lateral antenna position x and y respectively. Thus, we fit a system of two linear equations to the averaged calibration measurement data, resulting in x y = 103.4nm 4.8nm −2.5nm 94.8nm
Ideally, the matrix has non-zero values on its diagonal only. The small off-diagonal elements indicate a minor rotation of the coordinate system and, in addition, not entirely orthogonal directivity parameters Dx and Dy. The rotation of the coordinates might stem from a misalignment of our camera with respect to the coordinate frame of the piezo-stage, while the non-orthogonal basis can be related to aberrations of the beam and asymmetries of the antenna (see electron micrograph in Fig. 3a) . The derivatives (slopes) of Dx and Dy define the sensitivity of the directivity to a displacement of the antenna. At the rim of the region of linearity, 50 nm away from the center, we already achieve a directivity Dx = 48% (Dy = 52%) if the antenna is shifted in x-direction (y-direction).
Post-selection of difference images.
The instability of our experimental setup causes an uncertainty of ±5 nm regarding the position of the particle relative to the beam. For this reason, we took 40 individual images for each position set by the piezo-stage (∆x ≈ 40 nm, 20 nm, 10 nm, and 5 nm), and then post-selected the far-field images of which the directivity parameters Dx and Dy best represented the position set by the piezo-stage according to the calibration measurement (see Eq. 6). Finally, we calculated the difference images depicted in Fig. 3e .
SUPPLEMENTAL MATERIAL
Estimation of the resolution. In order to estimate the resolution of our position sensing experiment, we compare two post-selected nearly identical far-field images (see difference image in Fig. 4 ) and calculate the average intensity differences for all four regions, ∆I 1 = 11 · 10 −3 , ∆I 2 = −10 −3 , ∆I 3 = −8 · 10 −3 , ∆I 4 = −10 −3 . The corresponding standard deviations (σ i ≈ 25 · 10 −3 for i ∈ [1, 4] , see histograms plotted as insets in Fig. 4 ) and the number of pixels in each region (1050 pixels), yield an uncertainty of the mean intensities of ±10 −3 for each intensity value. These results indicate that a relative shift of the antenna's position of ∆x = −2 ± 0.2 nm and ∆y = 0 ± 0.2 nm was measured with an uncertainty in theÅngstrom regime. Hence, the two almost identical back focal plane images used for this estimation correspond to two antenna positions, which were different by only 2±0.2 nm. The statistics of the camera noise in each region (histograms shown as insets) can be used to determine the resolution of our experiment.
Phase retrieval from simulation. Figure 2a of the main manuscript and Fig. 5c of this supplemental document show the scattering cross-section of the silicon (Si) antenna sitting on a glass substrate, simulated using the finite-difference time-domain method. Similar to refs. [9, 23, 29] , our Si nanosphere with an outer diameter of 185 nm is modeled including a thin SiO 2 surface layer with an approximated thickness of 8 nm due to oxidation (see sketch in Fig. 5a ). The material properties of Si and SiO 2 are adopted from the database of Palik [37] . In general, Si has a high refractive index and a small extinction coefficient in the visible regime (e.g. n Si = 3.85 − 0.02i at λ = 652nm). In order to adapt the simulation to the experiment, we consider a tightly focused linearly polarized Gaussian beam as a source (maximum NA = 0.9), and collect only the light scattered in the forward direction into the far-field with a polar collection angle set to NA ∈ [0.95, 1.3] (see sketch in Fig. 5b ). In the investigated spectral regime, a Si nanosphere of the chosen size placed on a substrate supports three pronounced resonances, the magnetic dipole (λ MD ≈ 660 nm), the electric dipole (λ ED ≈ 540 nm) and the magnetic quadrupole (λ MQ ≈ 515 nm) [9] . For this reason, the scattering spectrum (see red line in Fig. 5c ) can be described, in first approximation, by the sum of three individual Lorentzian curves, fitted to the simulation (see Fig. 5c ). The weak contribution of the magnetic quadrupole (dashed green line) can be neglected for wavelengths above 600 nm. Therefore, only electric and magnetic dipole resonances need to be considered for the chosen excitation wavelength of 652 nm. Now, we consider the relative phases of the magnetic and electric dipole moments with respect to their corresponding excitation fields. Following the Lorentz oscillator model [38] , the relative phases of the electric (φ ED ) and magnetic (φ M D ) dipole moments depend on the excitation wavelength. Figure 5d shows φ ED (gray line), φ M D (blue line), and the phase difference ∆φ = φ M D − φ ED (see dashed black line). We find two wavelengths with ∆φ = π/2. However, we choose the wavelength 652 nm, which is close to λ MD and guarantees a sufficient overlap between both types of dipoles (see dashed vertical red line). As mentioned above, the magnetic quadrupole can be neglected for the chosen wavelength. Another advantage of this choice of wavelength close to the magnetic resonance is the much higher efficiency, with which the magnetic dipole mode can be excited in comparison to its electric counterpart. This leads to comparable scattering signal strengths from both induced magnetic and electric dipole moments (even though the electric field is much stronger than the magnetic field close to the optical axis) and, therefore, stronger asymmetry upon interference. Consequently, an enhanced position dependence of the directionality is realized.
Law of proportionality for the directivity parameters. The directivity parameters D x and D y correspond to differences of averaged intensity values recorded in the far-field. In order to derive equations describing the position dependence of D x and D y , we first calculate the far-field intensity patterns I(k x , k y ) depending on the longitudinal electric dipole moment (p z ∈ R) and the transverse magnetic dipole moments (m x , m y ∈ R). As mentioned in the main manuscript, we neglect any influence of the transverse electric dipole moments (see explanation below) as well as the magnetic quadrupole (see discussion above). Because of the cylindrical symmetry of the excitation beam and without loss of generality, we only consider antenna positions along the xaxis (m x = 0). The far-field intensity distribution of the light emitted into the glass substrate can be written as
with
Negligibility of the transverse electric dipole. As mentioned in the main manuscript, we expect the electric and magnetic dipole moments to be proportional to the respective local field vectors, p ∝ E and m ∝ H. This includes the transverse electric dipole moments p x ∝ E x and p y ∝ E y . However, for several reasons we can neglect the influence of the transverse electric dipole moments in first approximation. First of all, even at the rim of the region of linearity, roughly 50 nm away from the optical axis, the longitudinal electric field is still stronger than the transverse ones by a factor of 4 (see Fig. 1d in the manuscript). Second, with the given excitation wavelength close to the magnetic dipole resonance of the antenna, we expect to excite the transverse magnetic dipole moment with a higher efficiency than the transverse electric dipole moment (see Fig. 5 ). A third reason is based on the actual far-field emission patterns of the individual dipole moments plotted in Figs. 6a-i. Similar to ref. [10] , the lateral directivity is linked to the transverse magnetic far-field component E p . However, only p z is emitting exclusively as E p (see Eq. 3 of the main manuscript and Fig. 6i of this supplemental document). The influence of the individual dipole moments on the directivity is therefore governed by the amount of light emitted into E p . For each dipole we calculate the power of the transverse magnetic field by integrating over the distributions plotted in Fig. 6b 
